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Roughly speaking, a hypergeometric series is deﬁned to be a series
∑
Cn with term ratio C1+n/Cn a rational function
of n. In general, it can be explicitly written as
p Fq
[
a1,a2, . . . ,ap
b1,b2, . . . ,bq
∣∣∣∣z
]
=
∞∑
n=0
(a1)n(a2)n · · · (ap)n
(b1)n(b2)n · · · (bq)n
zn
n!
where the rising shifted factorial is given by
(x)0 = 1 and (x)n = x(x+ 1) · · · (x+ n − 1) for n ∈N.
For the sake of brevity, the product and quotient of shifted factorials will be abbreviated respectively as
[A, B, . . . ,C]n = (A)n(B)n · · · (C)n,[
α,β, . . . , γ
A, B, . . . ,C
]
n
= (α)n(β)n · · · (γ )n
(A)n(B)n · · · (C)n .
There are many interesting summation formulae in the theory of classical hypergeometric series. The Pfaff–Saalschütz theo-
rem (cf. Bailey [1, §2.2]) is an important one among them. It is about the terminating balanced series and can be reproduced
as
3F2
[−n, a, b
c, 1+ a + b − c − n
]
=
[
c − a, c − b
c, c − a − b
]
n
.
In the development of identity-proving of hypergeometric series, the inversion techniques [3,4] have been shown powerful,
which are substantially based on the fundamental pair of inverse series relations discovered by Gould and Hsu [7]. Further
extensions and applications can be found in [2,5,8].
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by Chu [6], where the multiplicate form is also constructed. In order to facilitate the subsequent application, we reproduce
explicitly the triplicate inversions as follows. Let {ak,bk,a′k,b′k,a′′k ,b′′k }k0 be six sequences such that the polynomials deﬁned
by
φ(x;0) ≡ 1 and φ(x;n) =
n−1∏
k=0
(ak + xbk) with n ∈N; (1a)
φ′(x;0) ≡ 1 and φ′(x;n) =
n−1∏
k=0
(
a′k + xb′k
)
with n ∈N; (1b)
φ′′(x;0) ≡ 1 and φ′′(x;n) =
n−1∏
k=0
(
a′′k + xb′′k
)
with n ∈N; (1c)
differ from zero for x,n ∈N0. Then the system of equations
F (n) =
n∑
k=0
(−1)k
(
n
k
)
φ
(
k;
⌊
n
3
⌋)
φ′
(
k;
⌊
n + 1
3
⌋)
φ′′
(
k;
⌊
n + 2
3
⌋)
G(k) (2)
is equivalent to the system of equations
G(n) =
∑
k0
(−1)k
(
n
3k
)
a′′k + 3kb′′k
φ(n;k)φ′(n;k)φ′′(n;k + 1) F (3k) (3a)
−
∑
k0
(−1)k
(
n
3k + 1
)
a′k + (3k + 1)b′k
φ(n;k)φ′(n;k + 1)φ′′(n;k + 1) F (3k + 1) (3b)
+
∑
k0
(−1)k
(
n
3k + 2
)
ak + (3k + 2)bk
φ(n;k + 1)φ′(n;k + 1)φ′′(n;k + 1) F (3k + 2) (3c)
where x stands for the integer part of a real number x.
The informed reader can check without diﬃculty that the triplicate inversions displayed above follow from the replace-
ment
φ(x;n) → φ
(
x;
⌊
n
3
⌋)
φ′
(
x;
⌊
n + 1
3
⌋)
φ′′
(
x;
⌊
n + 2
3
⌋)
in the original inverse series relations due to Gould and Hsu [7]
f (n) =
n∑
k=0
(−1)k
(
n
k
)
φ(k;n)g(k)  g(n) =
n∑
k=0
(−1)k
(
n
k
)
ak + kbk
φ(n;k + 1) f (k).
Following the same approach presented in [4,6], this paper will investigate further applications of inversion techniques to
terminating series identities. We shall focus our attention on the following particular case of the Pfaff–Saalschütz theorem:
3F2
[ −n3 , 1−n3 , 2−n3
1+ x,1− x− n
∣∣∣∣1
]
=
(
4
3
)n[ 3x
2 ,
1+3x
2
x, 1+ 3x
]
n
. ()
Utilizing the triplicate form of Gould–Hsu inversions to (), we shall evaluate a large class of terminating 3F2( 43 ) series of
the following form
Fc,e(x,n) := 3F2
[ −n, 3x2 , 1+3x2
c + 3x, e + x− n3
∣∣∣∣43
]
where c and e are small integers with −3 c  5 and −3 e  2. More identities on 3F2( 43 ) series will be derived through
the following two contiguous relations. The ﬁrst one reads as
Fc,e(x,n) = c + 3x− 1
c − e + 2x+ n3
Fc−1,e(x,n) − e + x− 
n
3 − 1
c − e + 2x+ n3
Fc,e−1(x,n) (4)
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1 = c + 3x+ k − 1
c − e + 2x+ n3
− e + x− 
n
3 + k − 1
c − e + 2x+ n3
.
Similarly, applying the linear equation
1 = k(3x+ 2k)
(c + 3x− 1)(2c + 3x− 2) +
(n − k)(4c + 9x− 6)(c + 3x+ k − 1)
(c + 3x− 1)(2c + 3x− 2)(c + 3x+ n − 2)
+ (c + 3x+ k − 1)(c + 3x+ k − 2)(2c + 3x− 2n − 2)
(c + 3x− 1)(2c + 3x− 2)(c + 3x+ n − 2)
we can establish another contiguous relation
Fc,e(x,n) = (c + 3x− 2)(2c + 3x− 2n − 2)
(2c + 3x− 2)(c + 3x+ n − 2) Fc−2,e(x,n) (5a)
+ n(4c + 9x− 6)
(2c + 3x− 2)(c + 3x+ n − 2)Fc−1,e−χ(n≡30)(x,n − 1) (5b)
− nx(1+ 3x)(2+ 3x)
(c + 3x− 1)2(2c + 3x− 2)(e + x− n3)
Fc−2,e−χ(n≡30)(x+ 1,n − 1) (5c)
where n ≡3 0 denotes n ≡ 0 (mod 3) and χ is the logical function deﬁned by χ(true) = 1 and χ(false) = 0.
The rest of the paper will be divided into 20 paragraphs with each of them evaluating a subclass of Fc,e(x,n) series
speciﬁed by particular integers c and e. In order to assure the accuracy of the equations and summation formulae presented
in this paper, we have veriﬁed all of them by an appropriately devised Mathematica package.
1. c = 1 and e = 0
It is trivial to check that () is equivalent to the equation
(
4
3
)n[ 3x
2 ,
1+3x
2
x, 1+ 3x
]
n
=
∑
k0
(−1)k
(
n
3k
)
1
(1− x− n)k
[ 1
3 ,
2
3
1+ x
]
k
. (6)
Comparing it with Eq. (3a–3b–3c) speciﬁed by
φ(y;n) = (1− x− y)n and φ′(y;n) = φ′′(y;n) = 1
we get the dual relation corresponding to (2)
χ(n ≡3 0)
[ 1
3 ,
2
3
1+ x
]
 n3 
=
n∑
k=0
(−1)k
(
n
k
)
(1− x− k) n3 
[ 3x
2 ,
1+3x
2
x, 1+ 3x
]
k
(
4
3
)k
.
Writing it in terms of hypergeometric series and applying the relation
(1− x− k) n3  =
(x)k(1− x) n3 
(x− n3)k
we ﬁnd the following identity on 3F2( 43 ) series.
Theorem 1 (Terminating series identity).
3F2
[ −n, 3x2 , 1+3x2
1+ 3x, x− n3
∣∣∣∣43
]
= χ(n ≡3 0)
[ 1
3 ,
2
3
1+ x, 1− x
]
 n3 
.
2. c = 1 and e = 1
Multiplying across (6) by xx+n and then applying the relation
1 = x+ n − k
x+ 2k −
(x+ n − k)(n − 3k)
(x+ 2k)(x+ 2k + 1) +
(n − 3k)(n − 3k − 1)
(x+ 2k)(x+ 2k + 1)
we may restate the resulting equation as
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4
3
)n[ 3x
2 ,
1+3x
2
1+ x, 1+ 3x
]
n
=
∑
k0
(−1)k
(
n
3k
)
1
(−x− n)k
[ 1
3 ,
2
3
1+ x
]
k
x
x+ 2k
−
∑
k0
(−1)k
(
n
3k + 1
)
1
(−x− n)k
[ 2
3 ,
4
3
1+ x
]
k
x
(x+ 2k)2
+
∑
k0
(−1)k
(
n
3k + 2
)−x− 2k − 2
(−x− n)k+1
[ 4
3 ,
5
3
1+ x
]
k
2x
(x+ 2k)3 .
This equation matches exactly the relation (3a–3b–3c) speciﬁed by
φ(y;n) = (−x− y)n and φ′(y;n) = φ′′(y;n) = 1.
We therefore have the identity from the dual relation corresponding to (2).
Theorem 2 (Terminating series identity).
3F2
[ −n, 3x2 , 1+3x2
1+ 3x, 1+ x− n3
∣∣∣∣43
]
=
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
x
x+2m
[ 1
3 ,
2
3
1+ x, −x
]
m
, n = 3m;
x
(x+2m)2
[ 2
3 ,
4
3
1+ x, −x
]
m
, n = 3m + 1;
2x
(x+2m)3
[ 4
3 ,
5
3
1+ x, −x
]
m
, n = 3m + 2.
3. c = 1 and e = −1
Alternatively, multiplying across (6) by x+n−1x−1 and then applying the relation
1− x− n + k = (1− x− 2k) − (n − 3k)
we can express the resulting equation as
(
4
3
)n[ 3x
2 ,
1+3x
2
x− 1, 1+ 3x
]
n
=
∑
k0
(−1)k
(
n
3k
)
1− x− 2k
(2− x− n)k
[ 1
3 ,
2
3
1+ x
]
k
1
1− x
−
∑
k0
(−1)k
(
n
3k + 1
)
1
(2− x− n)k
[ 2
3 ,
4
3
1+ x
]
k
1
1− x .
Observing that this equation is equivalent to (3a–3b–3c) speciﬁed by
φ(y;n) = (2− x− y)n and φ′(y;n) = φ′′(y;n) = 1
we obtain the following identity from the dual relation corresponding to (2).
Theorem 3 (Terminating series identity).
3F2
[ −n, 3x2 , 1+3x2
1+ 3x, x− 1− n3
∣∣∣∣43
]
=
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
1−x−2m
1−x
[ 1
3 ,
2
3
1+ x, 2− x
]
m
, n = 3m;
1
1−x
[ 2
3 ,
4
3
1+ x, 2− x
]
m
, n = 3m + 1;
0, n = 3m + 2.
4. c = 1 and e = 2
It is not diﬃcult to check that there holds
1 = (x+ n − k)2
(x+ 2k)2 −
2(x+ n − k)2(n − 3k)
(x+ 2k)3 +
3(x+ n − k)(3k − n)2
(x+ 2k)3
+ (x+ n − k)(3k − n)3 + (x+ n − k)(3k − n)4 + (3k − n)5 .
(x+ 2k)4 (x+ 2k)5 (x+ 2k)5
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(x+n)(x+n+1) and then applying the last equation, we may split the corresponding sum with
respect to k into six sums. Reformulating the last three sums under the replacement k → k − 1 and then combining them
respectively with the ﬁrst three sums, we can simplify the resulting equation as
(
4
3
)n[ 3x
2 ,
1+3x
2
2+ x, 1+ 3x
]
n
=
∑
k0
(−1)k
(
n
3k
)
x(x+ 1){(x+ 2k − 2)2 − 27k(x+ k)}
(−1− x− n)k(x+ 2k − 2)4
[ 1
3 ,
2
3
1+ x
]
k
−
∑
k0
(−1)k
(
n
3k + 1
)
x(x+ 1){2(x+ 2k − 2)2 − 27k(x+ k)}
(−1− x− n)k(x+ 2k − 2)5
[ 2
3 ,
4
3
1+ x
]
k
−
∑
k0
(−1)k
(
n
3k + 2
)
2(x)2(x+ 2k + 3){3(x+ 2k − 2)2 − 27k(x+ k)}
(−1− x− n)k+1(x+ 2k − 2)6
[ 4
3 ,
5
3
1+ x
]
k
.
Noting that this equation matches exactly (3a–3b–3c) speciﬁed by
φ(y;n) = (−1− x− y)n and φ′(y;n) = φ′′(y;n) = 1
we have the identity from the dual relation corresponding to (2).
Theorem 4 (Terminating series identity).
3F2
[ −n, 3x2 , 1+3x2
1+ 3x, 2+ x− n3
∣∣∣∣43
]
=
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
x(x+1)
(x+2m)2
{
1− 27m(x+m)
(x+2m−2)2
}[ 1
3 ,
2
3
1+ x, −1− x
]
m
, n = 3m;
2x(x+1)
(x+2m)3
{
1− 27m(x+m)2(x+2m−2)2
}[ 2
3 ,
4
3
1+ x, −1− x
]
m
, n = 3m + 1;
6x(x+1)
(x+2m)4
{
1− 9m(x+m)
(x+2m−2)2
}[ 4
3 ,
5
3
1+ x, −1− x
]
m
, n = 3m + 2.
5. c = 1 and e = −2
Multiplying across (6) by the fraction (x+n−1)(x+n−2)
(x−1)(x−2) and then applying the relation
1 = (x+ 2k − 2)2
(1− x− n + k)2 +
2(x+ 2k − 1)(n − 3k)
(1− x− n + k)2 −
(x+ 2k − 1)(3k − n)2
(1− x− n + k)3 +
(3k − n)3
(1− x− n + k)3
we may split the corresponding sum into four parts. Reformulating the fourth part under the replacement k → k − 1 and
then combining it with the ﬁrst one, we can simplify the resulting expression as
(
4
3
)n[ 3x
2 ,
1+3x
2
x− 2, 1+ 3x
]
n
=
∑
k0
(−1)k
(
n
3k
)
(x+ 2k − 2)2 + 27k(x+ k)
(x− 2)2(3− x− n)k
[ 1
3 ,
2
3
1+ x
]
k
+
∑
k0
(−1)k
(
n
3k + 1
)
2(x+ 2k − 1)
(x− 2)2(3− x− n)k
[ 2
3 ,
4
3
1+ x
]
k
−
∑
k0
(−1)k
(
n
3k + 2
)
2(x+ 2k − 1)
(x− 2)2(3− x− n)k+1
[ 4
3 ,
5
3
1+ x
]
k
.
Comparing this with Eq. (3a–3b–3c) speciﬁed by
φ(y;n) = (3− x− y)n and φ′(y;n) = φ′′(y;n) = 1
we ﬁnd the following identity corresponding to (2).
Theorem 5 (Terminating series identity).
3F2
[ −n, 3x2 , 1+3x2
1+ 3x, x− 2− n3
∣∣∣∣43
]
=
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
(x+2m−2)2+27m(x+m)
(1−x)2
[ 1
3 ,
2
3
1+ x, 3− x
]
m
, n = 3m;
−2(x+2m−1)
(1−x)2
[ 2
3 ,
4
3
1+ x, 3− x
]
m
, n = 3m + 1;
2
(1−x)2
[ 4
3 ,
5
3
1+ x, 3− x
]
m
, n = 3m + 2.
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According to the relation
1 = (x+ 2k − 3)3
(x+ n − k − 3)3 +
3(x+ 2k − 2)2(n − 3k)
(x+ n − k − 3)3 +
3(x+ 2k − 2)2(3k − n)2
(1− x− n + k)4
− 4(x+ 2k − 1)(3k − n)3
(1− x− n + k)4 +
(3k − n)4
(1− x− n + k)4
multiplying across (6) by (x+n−1)(x+n−2)(x+n−3)
(x−1)(x−2)(x−3) leads us to splitting the corresponding sum with respect to k into ﬁve sums.
Reformulating the fourth and the ﬁfth sums under the replacement k → k − 1 and then combining them respectively with
the ﬁrst two sums, we can simplify the resulting equation as
(
4
3
)n[ 3x
2 ,
1+3x
2
x− 3, 1+ 3x
]
n
=
∑
k0
(−1)k
(
n
3k
)
(x+ 2k − 3)3 + 108k(x+ k)(x+ 2k − 3)
(x− 3)3(4− x− n)k
[ 1
3 ,
2
3
1+ x
]
k
+
∑
k0
(−1)k
(
n
3k + 1
)
3(x+ 2k − 2)2 + 27k(x+ k)
(x− 3)3(4− x− n)k
[ 2
3 ,
4
3
1+ x
]
k
−
∑
k0
(−1)k
(
n
3k + 2
)
6(x+ 2k − 1)(x+ 2k − 2)
(x− 3)3(4− x− n)k+1
[ 4
3 ,
5
3
1+ x
]
k
.
Matching the last equation with (3a–3b–3c) speciﬁed by
φ(y;n) = (4− x− y)n and φ′(y;n) = φ′′(y;n) = 1
we get the hypergeometric evaluation from the dual relation corresponding to (2).
Theorem 6 (Terminating series identity).
3F2
[ −n, 3x2 , 1+3x2
1+ 3x, x− 3− n3
∣∣∣∣43
]
=
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
(x+2m−3)3+108m(x+m)(x+2m−3)
(x−3)3
[ 1
3 ,
2
3
1+ x, 4− x
]
m
, n = 3m;
−3(x+2m−2)2−27m(x+m)
(x−3)3
[ 2
3 ,
4
3
1+ x, 4− x
]
m
, n = 3m + 1;
6(x+2m−1)
(x−3)3
[ 4
3 ,
5
3
1+ x, 4− x
]
m
, n = 3m + 2.
7. c = 0 and e = 0
Multiplying across (6) by 3x+n3x and then applying
3x+ n = 3(x+ k) + (n − 3k)
we may restate the resulting equation as
(
4
3
)n[ 3x
2 ,
1+3x
2
x, 3x
]
n
=
∑
k0
(−1)k
(
n
3k
)
1
(1− x− n)k
[
1
3 ,
2
3
x
]
k
+
∑
k0
(−1)k
(
n
3k + 1
)
1
(1− x− n)k
[ 2
3 ,
4
3
1+ x
]
k
1
3x
.
Comparing this with Eq. (3a–3b–3c) speciﬁed by
φ(y;n) = (1− x− y)n and φ′(y;n) = φ′′(y;n) = 1
we can write down the identity according to the relation corresponding to (2).
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3F2
[−n, 3x2 , 1+3x2
3x, x− n3
∣∣∣∣43
]
=
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
[ 1
3 ,
2
3
x, 1− x
]
m
, n = 3m;
−1
3x
[ 2
3 ,
4
3
1+ x, 1− x
]
m
, n = 3m + 1;
0, n = 3m + 2.
8. c = 0 and e = 1
Keeping in mind the equality
3x+ n = 3(x+ k)(x+ n − k)
x+ 2k −
(2x+ k)(x+ n − k)(n − 3k)
(x+ 2k)2 +
(2x+ k)(3k − n)2
(x+ 2k)2
and then multiplying across (6) by the fraction 3x+n3x+3n , we can write the resulting equation as(
4
3
)n[ 3x
2 ,
1+3x
2
1+ x, 3x
]
n
=
∑
k0
(−1)k
(
n
3k
)
1
(−x− n)k
[
1
3 ,
2
3
x
]
k
x
x+ 2k
−
∑
k0
(−1)k
(
n
3k + 1
)
1
(−x− n)k
[ 2
3 ,
4
3
1+ x
]
k
2x+ k
3(x+ 2k)2
+
∑
k0
(−1)k
(
n
3k + 2
)−x− 2k − 2
(−x− n)k+1
[
1
3 ,
2
3
x
]
k+1
3x(2x+ k)
(x+ 2k)3 .
The last relation matches exactly (3a–3b–3c) speciﬁed by
φ(y;n) = (−x− y)n and φ′(y;n) = φ′′(y;n) = 1.
Its dual relation corresponding to (2) yields the identity.
Theorem 8 (Terminating series identity).
3F2
[ −n, 3x2 , 1+3x2
3x, 1+ x− n3
∣∣∣∣43
]
=
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
x
x+2m
[ 1
3 ,
2
3
x, −x
]
m
, n = 3m;
2x+m
3(x+2m)2
[ 2
3 ,
4
3
1+ x, −x
]
m
, n = 3m + 1;
2(2x+m)
3(x+2m)3
[ 4
3 ,
5
3
1+ x, −x
]
m
, n = 3m + 2.
9. c = 0 and e = −1
It is not hard to verify the equality
3x+ n = 3(x+ k)(x+ 2k − 1)
x+ n − k − 1 +
(4x+ 5k)(n − 3k)
x+ n − k − 1
+ (x+ 2k)(3k − n)2
(1− x− n + k)2 −
(3k − n)3
(1− x− n + k)2 .
Multiplying across (6) by (3x+n)(x+n−1)3x(x−1) and taking account of the last equation, we may split the corresponding sum into
four parts. Reformulating the fourth part under the replacement k → k − 1 and then combining it with the ﬁrst part, we
can simplify the resulting equation as(
4
3
)n[ 3x
2 ,
1+3x
2
x− 1, 3x
]
n
=
∑
k0
(−1)k
(
n
3k
)
1− x− 11k
(1− x)(2− x− n)k
[
1
3 ,
2
3
x
]
k
−
∑
k0
(−1)k
(
n
3k + 1
)
4x+ 5k
3x(1− x)(2− x− n)k
[ 2
3 ,
4
3
1+ x
]
k
−
∑
(−1)k
(
n
3k + 2
)
3(−x− 2k)
(1− x)(2− x− n)k+1
[
1
3 ,
2
3
x
]
k+1
.k0
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φ(y;n) = (2− x− y)n and φ′(y;n) = φ′′(y;n) = 1
we establish the identity from the dual relation corresponding to (2).
Theorem 9 (Terminating series identity).
3F2
[ −n, 3x2 , 1+3x2
3x, x− 1− n3
∣∣∣∣43
]
=
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
1−x−11m
1−x
[ 1
3 ,
2
3
x, 2− x
]
m
, n = 3m;
4x+5m
3x(1−x)
[ 2
3 ,
4
3
1+ x, 2− x
]
m
, n = 3m + 1;
−3
[ 1
3 ,
2
3
x, 1− x
]
m+1, n = 3m + 2.
10. c = 0 and e = −2
Multiplying across (6) by the fraction (x+n−1)(x+n−2)(3x+n)3x(x−1)(x−2) and then applying the relation
3x+ n = 3(x+ k)(x+ 2k − 2)2
(1− x− n + k)2 +
(x+ 2k − 1)(7x+ 8k)(n − 3k)
(1− x− n + k)2
− (x+ 2k − 1)(5x+ 7k)(3k − n)2
(1− x− n + k)3 +
3(2x+ 3k)(3k − n)3
(1− x− n + k)3 −
(3k − n)4
(1− x− n + k)3
we may split the corresponding sum with respect to k into ﬁve sums. Reformulating the fourth and the ﬁfth sums under
k → k− 1 and then combining them with the ﬁrst and the second sums, respectively, we can express the resulting equation
as (
4
3
)n[ 3x
2 ,
1+3x
2
x− 2, 3x
]
n
=
∑
k0
(−1)k
(
n
3k
)
(x+ 2k − 2)2 + 27k(2x+ 3k − 3)
(x− 1)(x− 2)(3− x− n)k
[
1
3 ,
2
3
x
]
k
+
∑
k0
(−1)k
(
n
3k + 1
)
(x+ 2k − 1)(7x+ 8k) + 27k(x+ k)
3x(x− 1)(x− 2)(3− x− n)k
[ 2
3 ,
4
3
1+ x
]
k
+
∑
k0
(−1)k
(
n
3k + 2
)
3(−x− 2k + 1)(5x+ 7k)
(x− 1)(x− 2)(3− x− n)k+1
[
1
3 ,
2
3
x
]
k+1
.
This equation is, in fact, equivalent to (3a–3b–3c) speciﬁed by
φ(y;n) = (3− x− y)n and φ′(y;n) = φ′′(y;n) = 1.
Its dual relation corresponding to (2) gives rise to the following identity.
Theorem 10 (Terminating series identity).
3F2
[ −n, 3x2 , 1+3x2
3x, x− 2− n3
∣∣∣∣43
]
=
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
(x+2m−2)2+27m(2x+3m−3)
(x−1)(x−2)
[ 1
3 ,
2
3
x, 3− x
]
m
, n = 3m;
(x+2m−1)(7x+8m)+27m(x+m)
3x(1−x)(x−2)
[ 2
3 ,
4
3
1+ x, 3− x
]
m
, n = 3m + 1;
3(5x+7m)
1−x
[ 1
3 ,
2
3
x, 2− x
]
m+1, n = 3m + 2.
11. c = −1 and e = 0
Taking into account the equality
(3x+ n)(3x+ n − 1) = 3(x+ k)(3x+ 3k − 1) + 6(x+ k)(n − 3k)
− (x+ 2k + 1)(3k − n)2
1− x− n + k +
(3k − n)3
1− x− n + k
and then multiplying across (6) by (3x+n)(3x+n−1)3x(3x−1) , we may split the corresponding sum into four parts. Rewriting the fourth
part under the replacement k → k − 1 and then combining it with the ﬁrst one, we can simplify the resulting equation as
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4
3
)n[ 3x
2 ,
1+3x
2
x, 3x− 1
]
n
=
∑
k0
(−1)k
(
n
3k
)
1
(1− x− n)k
[
1
3 ,
2
3
x
]
k
3x+ 12k − 1
3x− 1
+
∑
k0
(−1)k
(
n
3k + 1
)
1
(1− x− n)k
[
2
3 ,
4
3
x
]
k
2
3x− 1
−
∑
k0
(−1)k
(
n
3k + 2
)
x+ 2k + 1
(1− x− n)k+1
[
1
3 ,
2
3
x
]
k+1
3
3x− 1 .
Comparing this with Eq. (3a–3b–3c) speciﬁed by
φ(y;n) = (1− x− y)n and φ′(y;n) = φ′′(y;n) = 1
we have the following theorem in view of the dual relation corresponding to (2).
Theorem 11 (Terminating series identity).
3F2
[ −n, 3x2 , 1+3x2
3x− 1, x− n3
∣∣∣∣43
]
=
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
3x+12m−1
3x−1
[ 1
3 ,
2
3
x, 1− x
]
m
, n = 3m;
−2
3x−1
[ 2
3 ,
4
3
x, 1− x
]
m
, n = 3m + 1;
−3x
3x−1
[ 1
3 ,
2
3
x, −x
]
m+1, n = 3m + 2.
12. c = −1 and e = 1
Multiplying across (6) by (3x+n)(3x+n−1)
(3x+3n)(3x−1) and then applying the relation
(3x+ n)(3x+ n − 1) = 3(x+ k)(3x+ 3k − 1)(x+ n − k)
x+ 2k +
(2x+ k − 1)2(3k − n)2
(x+ 2k)2
+ 3(x+ k)(1− x+ k)(x+ n − k)(n − 3k)
(x+ 2k)(x+ 2k + 1)
we may express the resulting equation as
(
4
3
)n[ 3x
2 ,
1+3x
2
1+ x, 3x− 1
]
n
=
∑
k0
(−1)k
(
n
3k
)
1
(−x− n)k
[
1
3 ,
2
3
x
]
k
x(3x+ 3k − 1)
(x+ 2k)(3x− 1)
−
∑
k0
(−1)k
(
n
3k + 1
)
1
(−x− n)k
[
2
3 ,
4
3
x
]
k
x(x− k − 1)
(3x− 1)(x+ 2k)2
+
∑
k0
(−1)k
(
n
3k + 2
)−x− 2k − 2
(−x− n)k+1
[
1
3 ,
2
3
x
]
k+1
3x(2x+ k − 1)2
(3x− 1)(x+ 2k)3 .
The last equation can be obtained from (3a–3b–3c) speciﬁed by
φ(y;n) = (−x− y)n and φ′(y;n) = φ′′(y;n) = 1.
Its dual relation corresponding to (2) leads to the following identity.
Theorem 12 (Terminating series identity).
3F2
[ −n, 3x2 , 1+3x2
3x− 1, 1+ x− n3
∣∣∣∣43
]
=
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
x(3x+3m−1)
(3x−1)(x+2m)
[ 1
3 ,
2
3
x, −x
]
m
, n = 3m;
x(x−m−1)
(3x−1)(x+2m)2
[ 2
3 ,
4
3
x, −x
]
m
, n = 3m + 1;
2(2x+m−1)2
3(3x−1)(x+2m)3
[ 4
3 ,
5
3
1+ x, −x
]
m
, n = 3m + 2.
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According to the equality
(3x+ n)(3x+ n − 1) = 3(x+ k)(x+ 2k − 1)(3x+ 3k − 1)
x+ n − k − 1 +
3(x+ k)(5x+ 7k − 1)(n − 3k)
x+ n − k − 1
+ (x+ 2k)(7x+ 8k + 1)(3k − n)2
(1− x− n + k)2 −
2(4x+ 5k + 1)(3k − n)3
(1− x− n + k)2 +
(3k − n)4
(1− x− n + k)2
we can multiply across (6) by (3x+n)(3x+n−1)(x+n−1)3x(3x−1)(x−1) and then split the corresponding sum with respect to k into ﬁve sums.
Rewriting the fourth and the ﬁfth sums under the replacement k → k − 1 and then combining them with the ﬁrst and the
second sums, respectively, we can simplify the resulting equation as(
4
3
)n[ 3x
2 ,
1+3x
2
x− 1, 3x− 1
]
n
=
∑
k0
(−1)k
(
n
3k
)
(x+ 2k − 1)(3x+ 3k − 1) + 18k(4x+ 5k − 4)
(3x− 1)(x− 1)(2− x− n)k
[
1
3 ,
2
3
x
]
k
+
∑
k0
(−1)k
(
n
3k + 1
)
5x+ 16k − 1
(3x− 1)(x− 1)(2− x− n)k
[
2
3 ,
4
3
x
]
k
−
∑
k0
(−1)k
(
n
3k + 2
)
3(x+ 2k)(7x+ 8k + 1)
(3x− 1)(x− 1)(2− x− n)k+1
[
1
3 ,
2
3
x
]
k+1
.
Comparing this with Eq. (3a–3b–3c) speciﬁed by
φ(y;n) = (2− x− y)n and φ′(y;n) = φ′′(y;n) = 1
we deduce the following identity from the dual relation corresponding to (2).
Theorem 13 (Terminating series identity).
3F2
[ −n, 3x2 , 1+3x2
3x− 1, x− 1− n3
∣∣∣∣43
]
=
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
{
1+ m(81x+96m−77)
(3x−1)(x−1)
}[ 1
3 ,
2
3
x, 2− x
]
m
, n = 3m;
5x+16m−1
(3x−1)(1−x)
[ 2
3 ,
4
3
x, 2− x
]
m
, n = 3m + 1;
3(7x+8m+1)
1−3x
[ 1
3 ,
2
3
x, 1− x
]
m+1, n = 3m + 2.
14. c = 2 and e = 0, ±1
Taking into account the linear relation
1 = n(n − 1)
(1+ 3x)(2+ 3x) +
(1+ 3x+ n)(2+ 3x− n)
(1+ 3x)(2+ 3x)
we have the following expression(
4
3
)n[ 3x
2 ,
1+3x
2
x, 2+ 3x
]
n
= 2+ 3x− n
2+ 3x +
n(n − 1)(3x+ 2n − 1)
9(1+ x)(2+ 3x)(x+ n − 1)
(
x → x+ 1
n → n − 2
)
.
According to the equality
2+ 3x− n = 2+ 3x+ 3k − (n − 3k) − 6k
we can write the last identity explicitly(
4
3
)n[ 3x
2 ,
1+3x
2
x, 2+ 3x
]
n
=
∑
k0
(−1)k
(
n
3k
)
1
(1− x− n)k
[ 1
3 ,
2
3
1+ x
]
k
3x+ 3k + 2
3x+ 2
−
∑
k0
(−1)k
(
n
3k + 1
)
1
(1− x− n)k
[ 2
3 ,
4
3
1+ x
]
k
1
3x+ 2
+
∑
(−1)k
(
n
3k + 2
) −x− 2k − 1
(1− x− n)k+1
[ 1
3 ,
2
3
1+ x
]
k+1
3
3x+ 2 .
k0
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φ(y;n) = (1− x− y)n and φ′(y;n) = φ′′(y;n) = 1.
Its dual relation corresponding to (2) results in the following identity.
Theorem 14 (Terminating series identity).
3F2
[ −n, 3x2 , 1+3x2
2+ 3x, x− n3
∣∣∣∣43
]
=
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
3x+3m+2
3x+2
[ 1
3 ,
2
3
1+ x, 1− x
]
m
, n = 3m;
1
3x+2
[ 2
3 ,
4
3
1+ x, 1− x
]
m
, n = 3m + 1;
−3x
3x+2
[ 1
3 ,
2
3
1+ x, −x
]
m+1, n = 3m + 2.
Applying the contiguous relation (4), we can evaluate two further F2,±1(x,n) series. First letting c = 2 and e = 1 in (4)
and then applying Theorems 2 and 14, we ﬁnd the following closed expression for F2,1(x,n) series.
Theorem 15 (Terminating series identity).
3F2
[ −n, 3x2 , 1+3x2
2+ 3x, 1+ x− n3
∣∣∣∣43
]
=
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
x(3x−6m+2)
(3x+2)(x+2m)
[ 1
3 ,
2
3
1+ x, −x
]
m
, n = 3m;
2x(2x−2m+1)
(3x+2)(x+2m)2
[ 2
3 ,
4
3
1+ x, −x
]
m
, n = 3m + 1;
2x(13x2−8m2+4mx+19x−4m+6)
3(3x+2)(1+x)(x+2m)3
[ 4
3 ,
5
3
2+ x, −x
]
m
, n = 3m + 2.
Then for c = 2 and e = 0 in (4), we can similarly evaluate, by invoking Theorems 1 and 14, the F2,−1(x,n) series as the
following closed form.
Theorem 16 (Terminating series identity).
3F2
[ −n, 3x2 , 1+3x2
2+ 3x, x− 1− n3
∣∣∣∣43
]
=
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
{
1+ m(9x+3m+8)
(3x+2)(1−x)
}[ 1
3 ,
2
3
1+ x, 2− x
]
m
, n = 3m;
2x+m+2
(3x+2)(1−x)
[ 2
3 ,
4
3
1+ x, 2− x
]
m
, n = 3m + 1;
3(2x+m+2)
3x+2
[ 1
3 ,
2
3
1+ x, 1− x
]
m+1, n = 3m + 2.
15. c = −2 and e = 0
Multiplying across (6) by (3x+n)(3x+n−1)(3x+n−2)3x(3x−1)(3x−2) and then applying the relation
(3x+ n − 2)3 = 3(x+ k)(3x+ 3k − 2)2 + 9(x+ k)(3x+ 3k − 1)(n − 3k)
− 9(x+ k)(x+ 2k + 1)(3k − n)2
1− x− n + k +
(10x+ 11k + 2)(3k − n)3
1− x− n + k −
(3k − n)4
1− x− n + k
we may split the sum with respect to k into ﬁve sums. Reformulating the fourth and the ﬁfth sums under the replacement
k → k−1 and then combining them, respectively, with the ﬁrst and the second sums, we can simplify the resulting equation
as
(
4
3
)n[ 3x
2 ,
1+3x
2
x, 3x− 2
]
n
=
∑
k0
(−1)k
(
n
3k
)
(3x+ 3k − 2)2 + 9k(10x+ 11k − 9)
(3x− 1)(3x− 2)(1− x− n)k
[
1
3 ,
2
3
x
]
k
+
∑
k0
(−1)k
(
n
3k + 1
)
9x+ 18k − 3
(3x− 1)(3x− 2)(1− x− n)k
[
2
3 ,
4
3
x
]
k
−
∑
k0
(−1)k
(
n
3k + 2
)
6(x+ 2k + 1)
(3x− 1)(3x− 2)(1− x− n)k+1
[
4
3 ,
5
3
x
]
k
.
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φ(y;n) = (1− x− y)n and φ′(y;n) = φ′′(y;n) = 1
we ﬁnd the following identity from the dual relation corresponding to (2).
Theorem 17 (Terminating series identity).
3F2
[ −n, 3x2 , 1+3x2
3x− 2, x− n3
∣∣∣∣43
]
=
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
(3x+3m−2)2+9m(10x+11m−9)
(3x−1)(3x−2)
[ 1
3 ,
2
3
x, 1− x
]
m
, n = 3m;
9x+18m−3
(1−3x)(3x−2)
[ 2
3 ,
4
3
x, 1− x
]
m
, n = 3m + 1;
6
(3x−1)(3x−2)
[ 4
3 ,
5
3
x, 1− x
]
m
, n = 3m + 2.
16. c = −2 and e = 1
In accordance with the equality
(3x+ n − 2)3 = 3(x+ k)(3x+ 3k − 2)2(x+ n − k)
x+ 2k
+ 3(2+ 3k)(x+ k)(3x+ 3k − 1)(x+ n − k)(n − 3k)
(x+ 2k)(x+ 2k + 1)
+ 3(x+ k)(3x
2 + 3k2 + 3kx− 3x+ 3k + 2)(3k − n)2
(x+ 2k)(x+ 2k + 1) − (3k − n)3
we may multiply across (6) by (3x+n)(3x+n−1)(3x+n−2)3(x+n)(3x−1)(3x−2) and split the sum with respect to k into four sums. Rewriting the
fourth sum under the replacement k → k − 1 and then combining it with the ﬁrst one, we can simplify the resulting
equation as
(
4
3
)n[ 3x
2 ,
1+3x
2
1+ x, 3x− 2
]
n
=
∑
k0
(−1)k
(
n
3k
)
x(3x+ 3k − 2)2 + 9kx(x+ 2k)
(3x− 1)(3x− 2)(x+ 2k)(−x− n)k
[
1
3 ,
2
3
x
]
k
+
∑
k0
(−1)k
(
n
3k + 1
)
x(2+ 3k)(3x+ 3k − 1)
(3x− 1)(3x− 2)(x+ 2k)2(−x− n)k
[
2
3 ,
4
3
x
]
k
−
∑
k0
(−1)k
(
n
3k + 2
)
2x(3x2 + 3k2 + 3kx− 3x+ 3k + 2)(x+ 2k + 2)
(3x− 1)(3x− 2)(x+ 2k)3(−x− n)k+1
[
4
3 ,
5
3
x
]
k
.
This relation matches exactly Eq. (3a–3b–3c) speciﬁed by
φ(y;n) = (−x− y)n and φ′(y;n) = φ′′(y;n) = 1.
The corresponding dual relation (2) reads as the following theorem.
Theorem 18 (Terminating series identity).
3F2
[ −n, 3x2 , 1+3x2
3x− 2, 1+ x− n3
∣∣∣∣43
]
=
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
x(3x+3m−2)2+9mx(x+2m)
(3x−1)(3x−2)(x+2m)
[ 1
3 ,
2
3
x, −x
]
m
, n = 3m;
x(2+3m)(3x+3m−1)
(1−3x)(3x−2)(x+2m)2
[ 2
3 ,
4
3
x, −x
]
m
, n = 3m + 1;
2x(3x2+3m2+3mx−3x+3m+2)
(3x−1)(3x−2)(x+2m)3
[ 4
3 ,
5
3
x, −x
]
m
, n = 3m + 2.
17. c = 3 and e = 0, ±1
For c = 3 and e = 0 in (5a–5b–5c), observe that F3,0(x,n) can be expressed in terms of F1,e(x,n) and F2,e(x,n) with
e = 0,−1. Applying Theorems 1, 3, 14, 16 and then simplifying the result, we derive the following identity.
452 X. Chen, W. Chu / J. Math. Anal. Appl. 380 (2011) 440–454Theorem 19 (Terminating series identity).
3F2
[ −n, 3x2 , 1+3x2
3+ 3x, x− n3
∣∣∣∣43
]
=
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
3x+9m+4
3x+4
[ 1
3 ,
2
3
1+ x, 1− x
]
m
, n = 3m;
6x+9m+8
3(3x+4)(1+x)
[ 2
3 ,
4
3
2+ x, 1− x
]
m
, n = 3m + 1;
−9x
3x+4
[ 1
3 ,
2
3
1+ x, −x
]
m+1, n = 3m + 2.
Instead, for c = 3 and e = 1 in (4), we may evaluate F3,1(x,n) through Theorems 15 and 19 as the following closed form.
Theorem 20 (Terminating series identity).
3F2
[ −n, 3x2 , 1+3x2
3+ 3x, 1+ x− n3
∣∣∣∣43
]
=
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
x(3x−18m+4)
(3x+4)(x+2m)
[ 1
3 ,
2
3
1+ x, −x
]
m
, n = 3m;
x{(3x+4)(5x+3)−2m(12x+18m+13)}
3(3x+4)(1+x)(x+2m)2
[ 2
3 ,
4
3
2+ x, −x
]
m
, n = 3m + 1;
4x{9x2+16x+6−2m(3x+6m+5)}
3(3x+4)(1+x)(x+2m)3
[ 4
3 ,
5
3
2+ x, −x
]
m
, n = 3m + 2.
Finally, letting c = 3 and e = 0 in (4) and then appealing to Theorems 14 and 19, we get the following identity for
F3,−1(x,n) series.
Theorem 21 (Terminating series identity).
3F2
[ −n, 3x2 , 1+3x2
3+ 3x, x− 1− n3
∣∣∣∣43
]
=
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
{
1− m(12x+9m+19)
(3x+4)(x−1)
}[ 1
3 ,
2
3
1+ x, 2− x
]
m
, n = 3m;
{ 3+x
3(1−x2) + m(15x+9m+23)(3x+3)2(1−x)
}[ 2
3 ,
4
3
2+ x, 2− x
]
m
, n = 3m + 1;
3(3x+3m+5)
3x+4
[ 1
3 ,
2
3
1+ x, 1− x
]
m+1, n = 3m + 2.
18. c = −3 and e = 0
Multiplying across (6) by (3x+n)(3x+n−1)(3x+n−2)(3x+n−3)3x(3x−1)(3x−2)(3x−3) and then applying the relation
(3x+ n − 3)4 = 9(x+ k − 1)2(3x+ 3k − 2)2 + 12(x+ k)(3x+ 3k − 2)2(n − 3k)
− 18(x+ k)(x+ 2k + 1)(3x+ 3k − 1)(3k − n)2
1− x− n + k +
6(x+ k)(11x+ 13k + 1)(3k − n)3
1− x− n + k
− (13x+ 14k + 3)(3k − n)4
1− x− n + k −
(x+ 2k + 3)(3k − n)5
(1− x− n + k)2 +
(3k − n)6
(1− x− n + k)2
we may split the sum with respect to k into seven parts. Reformulating the last part by k → k − 2 and the fourth to sixth
parts by k → k − 1, then combining them with the ﬁrst three parts, we can simplify the resulting equation as
(
4
3
)n[ 3x
2 ,
1+3x
2
x, 3x− 3
]
n
=
∑
k0
(−1)k
(
n
3k
)
(3x+ 3k − 2)2 + 9k(22x+ 35k − 33)
(3x− 2)2(1− x− n)k
[ 1
3 ,
2
3
x− 1
]
k
+
∑
k0
(−1)k
(
n
3k + 1
)
4(3x+ 3k − 2)2 + 9k(13x+ 14k − 11)
3(x− 1)(3x− 2)2(1− x− n)k
[
2
3 ,
4
3
x
]
k
−
∑
k0
(−1)k
(
n
3k + 2
)
2(x+ 2k + 1)(6x+ 9k − 2)
(x− 1)(3x− 2)2(1− x− n)k+1
[
4
3 ,
5
3
x
]
k
.
Comparing this with Eq. (3a–3b–3c) speciﬁed by
φ(y;n) = (1− x− y)n and φ′(y;n) = φ′′(y;n) = 1
we have the identity from the dual relation corresponding to (2).
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3F2
[ −n, 3x2 , 1+3x2
3x− 3, x− n3
∣∣∣∣43
]
=
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
(3x+3m−2)2+9m(22x+35m−33)
(3x−1)(3x−2)
[ 1
3 ,
2
3
x− 1, 1− x
]
m
, n = 3m;
4(3x+3m−2)2+9m(13x+14m−11)
3(1−3x)(3x−2)(x−1)
[ 2
3 ,
4
3
x, 1− x
]
m
, n = 3m + 1;
2(6x+9m−2)
(3x−1)(3x−2)(x−1)
[ 4
3 ,
5
3
x, 1− x
]
m
, n = 3m + 2.
19. c = 4 and e = 0, ±1
Letting c = 4 and e = 0 in (5a–5b–5c), we can evaluate F4,0(x,n) series through Theorems 14, 16, 19 and 21.
Theorem 23 (Terminating series identity).
3F2
[ −n, 3x2 , 1+3x2
4+ 3x, x− n3
∣∣∣∣43
]
=
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
{
1+ 18m(3x+3m+4)
(3x+4)(3x+5)
}[ 1
3 ,
2
3
2+ x, 1− x
]
m
, n = 3m;
3(3x+6m+5)
(3x+4)(3x+5)
[ 2
3 ,
4
3
2+ x, 1− x
]
m
, n = 3m + 1;
12
(3x+4)(3x+5)
[ 4
3 ,
5
3
2+ x, 1− x
]
m
, n = 3m + 2.
Then letting c = 4 and e = 1 in (4), we get the following closed expression for F4,1(x,n) series via Theorems 20 and 23.
Theorem 24 (Terminating series identity).
3F2
[ −n, 3x2 , 1+3x2
4+ 3x, 1+ x− n3
∣∣∣∣43
]
=
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
{ x−12m
x+2m − 6m(18mx−39x−40)(3x+4)(3x+5)(x+2m)
}[ 1
3 ,
2
3
2+ x, −x
]
m
, n = 3m;
2x{(3x+2)(3x+5)−6m(6x+6m+5)}
(3x+4)(3x+5)(x+2m)2
[ 2
3 ,
4
3
2+ x, −x
]
m
, n = 3m + 1;
8x{6x2+12x+5−12m(x+m+1)}
(3x+4)(3x+5)(x+2m)3
[ 4
3 ,
5
3
2+ x, −x
]
m
, n = 3m + 2.
Finally, letting c = 4 and e = 0 in (4), we establish the following identity on F4,1(x,n) series in view of Theorems 19
and 23.
Theorem 25 (Terminating series identity).
3F2
[ −n, 3x2 , 1+3x2
4+ 3x, x− 1− n3
∣∣∣∣43
]
=
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
{
1− 9m(6m2+9mx+7x+17m)+93m
(3x+4)(3x+5)(x−1−m)
}[ 1
3 ,
2
3
2+ x, 1− x
]
m
, n = 3m;
(6m+4)(3x+3m+5)
(3x+4)(3x+5)(1−x)
[ 2
3 ,
4
3
2+ x, 2− x
]
m
, n = 3m + 1;
6(x+2m+3)
(3x+4)(3x+5)(1−x)
[ 4
3 ,
5
3
2+ x, 2− x
]
m
, n = 3m + 2.
20. c = 5 and e = 0
Let c = 5 and e = 0 in (5a–5b–5c). Then we ﬁnd the following closed form for F5,0(x,n) series by invoking Theorems 19,
21, 23 and 25.
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3F2
[ −n, 3x2 , 1+3x2
5+ 3x, x− n3
∣∣∣∣43
]
=
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
{ 3x+8+21m
3x+8 + 27m(9mx+8x+31m+12)(3x+5)(3x+7)(3x+8)
}[ 1
3 ,
2
3
2+ x, 1− x
]
m
, n = 3m;
{ 4
3x+5 + 9m(9x+31)(3x+5)(3x+7)(3x+8)
}[ 2
3 ,
4
3
2+ x, 1− x
]
m
, n = 3m + 1;
{ 20
(3x+5)2 +
18m(9x+31)
(3x+5)4
}[ 4
3 ,
5
3
3+ x, 1− x
]
m
, n = 3m + 2.
Following the same process, more identities on Fc,e(x,n) series can be derived by utilizing contiguous relations (4) and
(5a–5b–5c). However we shall not produce further results due to their complexity and space limitations.
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